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Having accurate tools to describe non-classical, non-Gaussian environmental fluctuations is cru-
cial for designing effective quantum control protocols and understanding the physics of underlying
quantum dissipative environments. We show how the Keldysh approach to quantum noise char-
acterization can be usefully employed to characterize frequency-dependent noise, focusing on the
quantum bispectrum (i.e., frequency-resolved third cumulant). Using the paradigmatic example of
photon shot noise fluctuations in a driven bosonic mode, we show that the quantum bispectrum
can be a powerful tool for revealing distinctive non-classical noise properties, including an effective
breaking of detailed balance by quantum fluctuations. The Keldysh-ordered quantum bispectrum
can be directly accessed using existing noise spectroscopy protocols.
I. INTRODUCTION
An accurate description of environmental fluctuations
is crucial for quantum information processing and quan-
tum control. While it is common to assume noise
that is both classical and Gaussian, there are many
physically relevant situations where these assumptions
fail [1–5]. Understanding how to usefully characterize
non-Gaussian, non-classical noise in a frequency-resolved
manner could enable the design of more optimal dynam-
ical decoupling protocols, enhancing qubit coherence. It
could also provide fundamental insights into the nature
of the underlying dissipative environment.
For classical noise, the frequency-resolved higher noise
cumulants (so-called polyspectra [6]) provide a full char-
acterization. These have been previously measured for
classical non-Gaussian fluctuations in a single-electron
transistor [7]. More recent work has proposed [3, 5]
and demonstrated [4] protocols to reconstruct polyspec-
tra using a qubit driven by classical non-Gaussian noise;
Ref. [3] also studied the specific class of linearly cou-
pled oscillator baths, where operator ordering does not
play a role [8]. The full generalization of these ideas to
quantum non-Gaussian noise as produced by a generic
quantum environment (i.e., one where operator ordering
matters) remains an interesting open question; for this
general problem, the non-commutativity of noise opera-
tors at different times poses a challenge as to how one
should appropriately define polyspectra.
In this paper, we show that the Keldysh approach
[9–13], a method used extensively to characterize low-
frequency noise, also provides an unambiguous and prac-
tically useful way to describe non-Gaussian quantum
bath noise in the frequency domain. It provides a sys-
tematic way to construct a quasiprobability distribution
to describe the noise, and to assess whether the noise
can be faithfully mimicked by completely classical noise
processes [10, 12]. It also has a direct operational mean-
ing: the “quantum polyspectra” we introduce are exactly
the quantities that contribute to the dephasing of a cou-
pled qubit at each order in the coupling. Moreover, these
quantities can be measured using the same non-Gaussian
noise spectroscopy techniques designed for classical noise
sources [3, 4, 14]; one does not have to decide in advance
whether the noise is classical or quantum to perform the
characterization. Note that a recent work presented a
method to measure arbitrary quantum bath correlation
functions [14]; in contrast, our work focuses on charac-
terizing the most physically relevant correlation function
at each order and identifying a corresponding quasiprob-
ability.
To highlight the utility of our approach, we apply it
to the concrete but non-trivial case of photon shot noise
in a driven-damped bosonic mode (a relevant source of
dephasing noise in circuit QED systems [15, 16] among
others). Prior work used the Keldysh approach to study
this noise at zero frequency [12, 17]; here we instead
focus on the behaviour of the frequency-resolved third
cumulant, the “quantum bispectrum” (QBS). We show
that the QBS reveals important new physics and distinct
quantum signatures: at low temperatures, qualitatively
new features emerge that would never be present in a
classical model with only thermal fluctuations. We also
show that the QBS is a generic tool for revealing the
breaking of detailed balance and violation of Onsager-
like symmetry relations. We find that the photon shot
noise QBS violates detailed balance at low temperatures.
II. KELDYSH ORDERING AND QUANTUM
POLYSPECTRA
Consider first a classical noise process ξ(t). Its moment
generating function (MGF) is defined as
Λclass[F (t); tf ] = exp
[
−i
∫ tf
0
F (t)ξ(t)
]
, (1)
where the bar indicates a stochastic average. Functional
derivatives of Λclass with respect to F (t) can be used
to calculate arbitrary-order correlation functions of ξ(t),
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2while functional derivatives of ln Λclass generate the cu-
mulants of ξ(t) (see, e.g., Ref. [18]). Fourier transforming
these cumulants yields the polyspectra, which completely
characterize the noise in the frequency domain [6].
In the quantum case, our noise is a Heisenberg picture
operator ξˆ(t) whose evolution is generated by the Hamil-
tonian of some bath; we take ξˆ(t) to be Hermitian for
simplicity. Defining correlation functions now has some
subtlety, as ξˆ(t) will not in general commute with itself
at different times; hence, different time-ordering choices
yield different results. Correlation functions at a given
order describe both how the bath responds to external
perturbations, as well as its intrinsic fluctuations [19].
We are interested here in characterizing the latter quan-
tity, and asking whether these fluctuations are equivalent
to an effective classical noise process.
The well-developed machinery of Keldysh quantum
field theory provides a precise method for accomplish-
ing our task [9–13]. While this approach is completely
general, the simplest derivation is to imagine coupling
an ancilla qubit to ξˆ, such that the only qubit dynam-
ics is from the interaction picture Hamiltonian Hˆint(t) =
1
2F (t)ξˆ(t)σˆz. We then use the dephasing of the qubit to
define the MGF of the noise in the quantum case, exactly
like we would if the noise were classical:
Λ[F (t); tf ] ≡ 〈σˆ−(tf )〉/〈σˆ−(0)〉, (2)
=Tr
[
T e− i2
∫ tf
0 dt
′F (t′)ξˆ(t′)ρˆBT˜ e− i2
∫ tf
0 dt
′F (t′)ξˆ(t′)
]
. (3)
Here ρˆB is the initial bath density matrix, the trace is
over bath degrees of freedom, and T (T˜ ) is the time-
ordering (anti-time-ordering) symbol. Expanding Λ in
powers of F (t′) defines correlation functions at a given
order with a particular time-ordering prescription (the
so-called Keldysh ordering). We stress that this approach
amounts to trying to ascribe the qubit evolution to an
effective classical stochastic process; this correspondence
then defines cumulants (and implicitly a quasiprobabil-
ity) for the quantum noise of interest.
For truly classical noise, the definition in Eq. (3) re-
duces to the classical MGF in Eq. (1). For quantum baths
comprising of harmonic oscillators, and with a noise op-
erator ξˆ(t) that is linear in bath raising and lowering
operators, operator ordering plays no role in the defini-
tion of cumulants. This is because commutators of ξˆ(t)
with itself at different times are numbers, not operators
(see Appendix A for an explicit proof). As a result, the
Keldysh-ordered MGF in Eq. (3) is equivalent to the clas-
sical MGF in Eq. (1) with ξ(t) directly replaced by the
quantum noise operator ξˆ(t). This is the only kind of
bath explicitly discussed in Ref. [3] (though the neglect
of operator ordering issues is not discussed). We stress
that ignoring operator ordering (i.e., not using the full
definition in Eq. (3)) fails in almost any other situation.
In particular, it is not valid for non-Gaussian quantum
baths with nonlinear coupling or intrinsic nonlinearity,
where the Keldysh ordering in Eq. (3) leads to nontriv-
ial corrections in the quantum noise cumulants (see Ap-
pendix A for further discussion.)
The moments and corresponding quasiprobability de-
fined via Eq. (3) are intrinsic to the noisy system; they
predict the outcomes of a wide class of schemes designed
to measure this noise [20]. They also have a direct role in
Keldysh non-equilibrium field theory: they characterize
the fluctuations of the “classical” field associated with
the operator ξˆ(t). This provides an alternate, extremely
physical way to understand the Keldysh-ordered cumu-
lants, one that transcends simply viewing this prescrip-
tion as a formal consequence of expanding interaction-
picture operators. At each order, the Keldysh-ordered
correlation function describes the intrinsic fluctuations of
the system [19]. In contrast, the remaining independent
correlation functions at the same order describe how the
system responds to external fields which couple to ξˆ(t)
(see Appendix C for a complete discussion). We stress
again that at each order, the Keldysh-ordered correla-
tion function is precisely the correlation function “seen”
by the qubit.
It follows that the Keldysh-ordered cumulants
C(k)(~tk) ≡ 〈〈ξˆ (t1) · · · ξˆ (tk)〉〉K of the noise can be gener-
ated from χ[F (t); tf ] ≡ ln Λ[F (t); tf ] via
χ[F (t); tf ] =
∞∑
`=1
(−i)`
`!
∏`
j=1
[∫ tf
0
dtjF (tj)
]
C(`)(~t`), (4)
where we define ~tn ≡ (t1, . . . , tn). Explicit expressions
for the first few Keldysh-ordered cumulants are provided
in Eqs. (D1) and (D2) of Appendix D. The Keldysh-
ordered second cumulant is simply a symmetrized corre-
lation function, whereas the third cumulant corresponds
to suppressing time-orderings where the earliest operator
appears in the middle of an expectation value.
For stationary noise, the kth order cumulant C(k)(~tk)
only depends on the k−1 time separations τj ≡ tj+1−t1,
j = 1, . . . , k − 1. We define the quantum polyspectra as
Fourier transforms of the Keldysh-ordered cumulants:
Sn[~ωn] ≡
∫
Rn
d~τn e
−i~ωn·~τnC(n+1)(~τn), n ≥ 1. (5)
For discussion of classical polyspectra, see Refs. [3, 5, 21].
The ωj → 0 limit of Sn[~ωn] characterize fluctuations
in mˆ =
∫ t
0
dt′ξˆ(t′) in the long-time limit (so-called
full counting statistics (FCS)). This is the typical set-
ting where the Keldysh approach has found great util-
ity, largely for studying electronic current fluctuations.
Here we extend the method to study non-classical, non-
Gaussian noise at non-zero frequencies (see also Ref. [22]
for an application to frequency-dependent current noise).
III. QUANTUM NOISE MODEL
The utility of our approach can be illustrated by
studying a concrete, nontrivial example of quantum non-
3FIG. 1: Normalized quantum bispectra of drive-dependent photon fluctuations for large detuning δ = 10γ (a) in the classical
limit n¯th →∞, and (b) real part ReSdr[ω1, ω2], and (c) imaginary part ImSdr[ω1, ω2] in the extreme quantum limit n¯th = 0. γ
is the cavity damping rate, n¯th is the bath thermal number. The red (blue) regions correspond to positive (negative) values,
while the gray contour lines indicate zeros. While the classical-limit bispectrum in (a) is real and positive (as expected from a
classical calculation), the quantum-limit bispectrum exhibits negativity in (b) and an imaginary part in (c).
Gaussian noise: the energy fluctuations of a driven-
damped bosonic mode. In what follows, we focus on
the physics of the frequency-dependent third cumulant,
the so-called quantum bispectrum (QBS) S2[ω1, ω2]; we
drop the subscript 2 hereafter. The QBS reveals a host
of physics here that is not manifest in the low-frequency
fluctuations (as studied in [12, 17, 23]).
Our “bath” here is a driven damped cavity mode c
(frequency ωc, Markovian energy decay rate γ). As dis-
cussed, the Keldysh-ordered cumulants of the photon-
number shot noise can be derived by coupling the number
operator nˆ = cˆ†cˆ of the driven cavity to an ancilla qubit
via Hˆint (t) = F (t)nˆσˆz/2; the desired quantities are then
encoded in the qubit coherence via Eq. (2). Working in
a rotating frame at the drive frequency, and letting ρˆ de-
note the qubit-cavity reduced density matrix, the system
dynamics follows the master equation
˙ˆρ = −i[Hˆ0 + Hˆint(t), ρˆ] + γ(n¯th + 1)D[cˆ]ρˆ+ γn¯thD[cˆ†]ρˆ.
(6)
Here D[Aˆ]ρˆ = AˆρAˆ†− (Aˆ†Aˆρˆ+ ρˆAˆ†Aˆ)/2 is the Lindblad
dissipator and n¯th the thermal photon number associ-
ated with the cavity dissipation. The cavity Hamiltonian
reads Hˆ0 = −δcˆ†cˆ− (f cˆ+ H.c.), where f (δ) denotes the
drive amplitude (detuning).
The Keldysh-ordered MGF Λ can now be computed
by solving the master equation in Eq. (6); we stress
that the qubit is introduced here as a theoretical tool
for extracting the cumulants to appropriately character-
ize the quantum noise of interest. Even with an arbitrary
time-dependent coupling F (t), the qubit dephasing can
be solved exactly using an extension of the phase space
method in Ref. [24] (see also Appendix E). An equiva-
lent approach is to calculate correlation functions using
standard techniques (e.g., quantum regression theorem,
Heisenberg-Langevin equations) [25], and then apply the
Keldysh ordering defined in Eqs. (3) and (4). In what
follows, we will always take the long-time limit tf →∞,
making the fluctuations stationary. One finds the QBS
can be written as:
S[ω1, ω2] = Sth[ω1, ω2] + Sdr[ω1, ω2], (7)
where the first term is completely independent of the
drive f , and the second term is proportional to |f |2.
IV. QUANTUM BISPECTRUM
A. Drive-independent fluctuations
The f -independent QBS Sth[ω1, ω2] can be calculated
by solving Eq. (6) with f = 0. In this case, the cavity
relaxes to a thermal steady state with no coherence be-
tween different Fock states. Its fluctuations can thus be
mapped to a classical Markovian master equation. For
such a classical and thermal Markov process, the bis-
pectrum Sth[ω1, ω2] must always be real [26, 27]. In Ap-
pendix G, we also show that in our case, Sth[ω1, ω2] must
also be positive semidefinite. Letting ω3 ≡ −ω1 − ω2
in all equations that follow, our full calculation for the
Keldysh-ordered QBS yields as expected a real, positive
function:
Sth[ω1, ω2] = Cn¯thγ2
6γ2 + 3∑
j=1
ω2j
/ 3∏
j=1
(γ2 + ω2j ),
(8)
with Cn¯th = n¯th(n¯th +1)(2n¯th +1). The frequency depen-
dence of this contribution to the bispectrum is the same
both in the classical high-temperature limit n¯th → ∞,
and in the extreme quantum limit n¯th → 0; the only
temperature dependence is in the prefactor. Sth[ω1, ω2]
vanishes in the absence of thermal fluctuations (i.e.,
n¯th → 0). In the limit n¯th → 0, this expression cor-
responds (as expected) to the bispectrum of asymmet-
ric telegraph noise (see, e.g., Ref. [28]), corresponding to
4fluctuations between the n = 0 and n = 1 Fock states.
While our general result here suggests that the ω depen-
dence of the QBS is not sensitive to quantum corrections,
we will see that this is not true as soon as a coherent drive
is added.
B. Driven fluctuations
We now consider the drive-dependent contribution to
the bispectrum, Sdr[ω1, ω2] in Eq. (7). This quantity only
depends on the drive amplitude f through the overall
prefactor n¯dr = 4|f |2/(γ2 + 4δ2) (the intracavity photon
number generated by f). Note that Sdr[ω1, ω2] remains
non-zero at zero temperature, and is the only contribu-
tion to the QBS in this limit.
We find that the drive-dependent QBS shows strik-
ing quantum signatures. In the classical limit of high
temperatures, it is always real and positive (similarly to
the purely thermal contribution, see Appendix G for de-
tail). However, as temperature is lowered and quantum
fluctuations dominate, this quantity can have a negative
real part, and even a non-zero imaginary part. These
quantum features become more pronounced as the mag-
nitude of the drive detuning δ is increased. The real and
imaginary parts of Sdr[ω1, ω2] are plotted for zero tem-
perature in Figs. 1(b) and 1(c) for a large drive detuning
(δ/γ = 10).
Consider first the surprising negativity of the real part
of the zero-temperature QBS. Negativity in the zero-
frequency limit was already discussed in [12, 17]. These
works showed that this is a purely quantum effect, and
that for large detunings it makes it impossible to de-
scribe the fluctuations by a positive-definite quasiproba-
bility. Our results show how this striking non-classicality
also manifests itself in the non-zero frequency fluctua-
tions. We find that the QBS Sdr[ω1, ω2] has a different
frequency dependence in the quantum limit (n¯th = 0)
versus the classical limit S˜cl[ω1, ω2]. To see this, we write
Sdr[ω1, ω2]
n¯dr
= (2n¯th + 1)
2S˜cl[ω1, ω2] + S˜q[ω1, ω2]. (9)
The first term is the classical contribution which domi-
nates in the high-temperature limit; S˜cl[ω1, ω2] is inde-
pendent of both n¯dr, n¯th, and is real and positive for
all frequencies. Its form can be found directly from
a classical Langevin equation calculation (see Eq. (G5)
of Appendix G). In contrast, the second term is the
temperature-independent quantum correction. It has a
completely different frequency dependence from the clas-
sical limit, as described by S˜q[ω1, ω2]
S˜q[ω1, ω2] = −1
2
∑
α6=β
α,β=1,2,3
γ
2 + iωβ
(γ − iωα)[(γ2 + iωβ)2 + δ2]
.
(10)
This function can have both a negative real part, and a
non-zero imaginary part. In the quantum limit n¯th = 0,
FIG. 2: Frequency dependence of the imaginary parts of
the photon-shot noise bispectrum ImS[ω1, ω2] in the extreme
quantum limit n¯th = 0 at different detunings. Parameters:
(a) δ/γ = 0, (b) δ/γ = 1. Note that for n¯th = 0 the full
quantum bispectrum coincides with the drive-dependent con-
tribution Sdr[ω1, ω2].
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FIG. 3: Time-dependent Keldysh-ordered photon-shot noise
third cumulant C
(3)
dr (|t|, |t|) in the quantum limit n¯th = 0
for t > 0 (red solid lines) and t < 0 (orange dashed lines).
Difference between curves highlights asymmetry under time
reversal t→ −t. In contrast, the thin blue curves correspond
to the same correlator C
(3)
dr (|t|, |t|) in the classical limit nor-
malized by thermal photon number, which is symmetric. All
correlation functions are normalized by in-cavity drive photon
number n¯dr. Detunings are: (a) δ = 0, and (b) δ/γ = 5.
one finds that real part of the QBS only becomes negative
above a critical value of the detuning |δ|. Moreover, the
initial onset of negativity occurs at ω1 = ω2 = 0. In the
large-detuning regime |δ|  γ, the negative region of the
QBS is peaked near a polygon whose shape is defined by
the resonance conditions ωj = ±δ (j = 1, 2, 3).
V. IMAGINARY BISPECTRUM AND
VIOLATIONS OF DETAILED BALANCE
We now turn to another striking feature of the photon
shot noise QBS: while in the classical, high-temperature
limit it is always real, the quantum correction S˜q[ω1, ω2]
has a non-zero imaginary part (see Fig. 2). This non-
trivial imaginary bispectrum can only be probed at finite
frequency: by its very definition in Eq. (5), the imaginary
part of the QBS must vanish if either ω1 = 0 or ω2 = 0.
The non-zero imaginary QBS is directly related to
the basic symmetries of our quantum noise process, in
5particular the violation of Onsager-like time symmetry
[26, 27, 29]. If a temporal cumulant C(n+1)(~τn) is invari-
ant under ~τn → −~τn (i.e., the noise process satisfies mi-
croscopic reversibility), then the corresponding polyspec-
trum must be real [30]. Further, a classical Markov pro-
cess obeying detailed balance always respects this sym-
metry. In our system quantum corrections (as described
by S˜q[ω1, ω2]) cause a breaking of this symmetry and
hence of detailed balance. There is a long history of
studying detailed balance in driven-dissipative quantum
systems (see, e.g., Ref. [31–36]); the QBS provides yet
another tool for exploring this physics. In Appendix H,
we discuss another related quantum system which ex-
hibits an apparent breaking of detailed balance, namely
a cavity driven by squeezed noise.
For a heuristic understanding of this symmetry break-
ing, we consider a simpler object, the temporal (Keldysh-
ordered) third cumulant C(3)(τ1, τ2) at τ1 = τ2 = t. The
non-zero imaginary QBS implies that this correlator dif-
fers for t and −t (see Fig. 3). Using the definition of
Keldysh ordering in Eqs. (3) and (4) we find:
〈δnˆ(0)δnˆ(t)δnˆ(t)〉K =1
2
〈{δnˆ(0), [δnˆ(t)]2}〉
− Θ(−t)
4
〈[δnˆ(t), [δnˆ(t), δnˆ(0)]]〉,
(11)
where δnˆ(t) = nˆ(t) − 〈nˆ(t)〉, and Θ(t) is the Heaviside
step function. One finds that any imaginary quantum
correction ImS˜q[ω1, ω2] is entirely due to the second term
on the RHS; it is thus completely responsible for the lack
of time symmetry.
What does this mean physically? As we have empha-
sized, the Keldysh ordering is relevant for any measure-
ment protocol that directly probes nˆ(t) [10, 13]. In con-
trast, the first term on the RHS of Eq. (11) would be
relevant if we correlated a measurement of δnˆ with a
separate, direct measurement of δnˆ2 (i.e., the Keldysh
approach would give this answer for this sort of setup
[13]). These protocols are not equivalent: measuring δnˆ
and then squaring the result has a different backaction
than if one directly measured δnˆ2. The latter measure-
ment provides less information (and hence has less back-
action), as it provides no information on the sign of δnˆ.
This now provides a heuristic way of understanding the
second term on the RHS of Eq. (11) (and the consequent
lack of time symmetry). For t < 0, one is first mea-
suring δnˆ2. As a result, the two measurement protocols
have different backaction effects, and the two correlation
functions are distinct. In contrast, for t > 0, the ear-
lier measurement is the same in both protocols, hence
the backaction effect is identical, and the two protocols
agree.
While our heuristic explanation here invokes measure-
ment backaction, we stress that the Keldysh-ordered cor-
relation function is an intrinsic property of the driven
cavity system [10, 19], with a relevance that goes beyond
the analysis of just a single measurement setup. Fur-
ther, this is the ordering that is “chosen” by our qubit:
if one simply interprets the qubit dephasing as arising
from classical noise, then the Keldysh ordered bispectrum
(with its imaginary part) plays the role of the bispectrum
of this effective classical noise.
VI. CONCLUSIONS
We have shown how the Keldysh approach to quantum
noise provides a meaningful way to define the polyspec-
tra of non-classical, non-Gaussian noise. In the exper-
imentally relevant case of photon shot noise fluctua-
tions in a driven-damped resonator, the quantum bispec-
trum reveals distinct quantum features and a surprising
quantum-induced breaking of detailed balance. We stress
that our approach amounts to interpreting the dephasing
of a qubit by quantum noise as arising from an effective
classical noise process. As such, the same noise spec-
troscopy techniques that have been used successfully to
measure classical bispectra with qubits [3, 4] can be di-
rectly used (without modification) to measure our quan-
tum bispectra.
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Appendix A: When is it necessary to consider
Keldysh ordering, and when is it safe to ignore
operator ordering in defining quantum noise
cumulants?
In the main text, we have defined Keldysh-ordered cu-
mulants in Eq. (3) to characterize a generic quantum
noise process; the Keldysh ordering follows directly from
standard rules of time evolution in the interaction pic-
ture. At first glance, this would seem to contradict the
definition in Ref. [3], which directly extends the definition
of classical noise cumulants to the quantum case without
specifying any particular time ordering of bath operators
(see unnumbered equation on page 2 of Ref. [3]). Their
definition of the k-th cumulant can be written as
C(k)(~tk) ≡ 〈〈ξˆ (t1) · · · ξˆ (tk)〉〉, (A1)
where 〈〈·〉〉 relates the kth cumulant to jth moments
〈ξˆ (t1) · · · ξˆ (tj)〉 for j ≤ k, in exactly the same way as if
ξˆ (t) were classical stochastic variables. Again, we stress
that there is no time-ordering prescription specified here.
As we now show, there is in fact no contradiction be-
tween Eq. (A1) and our definition in Eq. (3). This is
6because Ref. [3] at the outset restricts their discussion
to the specific class of linearly coupled quantum oscil-
lator baths (as is stated explicitly in the introduction of
Ref. [3]). We discuss this more in what follows. Note that
while Ref. [3] discussed some specific cases where their
approach is valid, general conditions for its validity were
not provided. As we show below, the basic requirement
is that the commutator of the bath noise operator ξˆ(t)
with itself at different times must simply be a number (or
more generally, an operator that always commutes with
ξˆ(t)). This is only satisfied if the bath is a collection of
harmonic oscillators, and the bath noise operator is lin-
ear in mode raising and lowering operators. We show this
explicitly in what follows.
We start with the quantum bath models considered in
Ref. [3], which consist of non-interacting bosonic modes
ak with Hamiltonian HB and noise operator B(t) of the
form
HB = ~
∑
k
Ωka
†
kak, (A2)
B(t) =
∑
k
(gke
iΩkta†k + h.c.), (A3)
where noise operator is linear in raising and lowering
operators, and the bath initial state ρB(0) is chosen
to be diagonal in the Fock basis to ensure stationar-
ity. We now prove that the noise cumulants defined by
Eq. (A1), which ignores any operator ordering, agrees
with the Keldysh-ordered quantum noise cumulants for
these quantum baths. This is equivalent to showing that
the Keldysh-ordered moment generating function (MGF)
Λ[F (t); tf ] in Eq. (3) now agrees with the MGF without
any time ordering
Λcl[F (t); tf ] ≡ Tr
[
e−i
∫ tf
0 dt
′F (t′)ξˆ(t′)ρˆB
]
, (A4)
where ρˆB is again the initial bath density matrix, and we
use ξˆ(t) to denote general bath operators. It is straight-
forward to see that the cumulants in Eq. (A1) (and in
Ref. [3]) can be generated by ln Λcl[F (t); tf ].
We thus seek to prove that Λcl[F (t); tf ] = Λ[F (t); tf ]
for quantum bath described by Eqs. (A2) and (A3). Not-
ing that for these baths, the commutators of bath noise
operators [ξˆ(t′), ξˆ(t′′)] are just numbers. The following
identity relations will then hold for generic F (t)
T e− i2
∫ tf
0 dt
′F (t′)ξˆ(t′) = exp
[
−Mˆ1(tf )− Mˆ2(tf )
]
, (A5)
T˜ e− i2
∫ tf
0 dt
′F (t′)ξˆ(t′) = exp
[
−Mˆ1(tf ) + Mˆ2(tf )
]
, (A6)
where
Mˆ1(tf ) =
i
2
∫ tf
0
dt′F (t′)ξˆ(t′), (A7)
Mˆ2(tf ) =
1
8
∫ tf
0
dt′
∫ t′
0
dt′′F (t′)F (t′′)[ξˆ(t′), ξˆ(t′′)], (A8)
and [ξˆ(t′), ξˆ(t′′)] is just a complex-valued function of t′
and t′′. Both equations can be rigorously proved by
discretizing the time integral into N infinitesimal time
intervals δt = tf/N , so that the time- and anti-time-
ordered operators can be rewritten as an ordered prod-
uct of propagators over these time increments, applying
the Baker–Campbell–Hausdorff formula, and then tak-
ing the continuum limit δt → 0 [25, 37]. Substituting
Eqs. (A5) and (A6) into Eq. (3) for the Keldysh-ordered
MGF Λ[F (t); tf ], we obtain
Λ[F (t); tf ]
=Tr
[
T e− i2
∫ tf
0 dt
′F (t′)ξˆ(t′)ρˆBT˜ e− i2
∫ tf
0 dt
′F (t′)ξˆ(t′)
]
=Tr
[
e−2Mˆ1(tf )ρˆB
]
= Tr
[
e−i
∫ tf
0 dt
′F (t′)ξˆ(t′)ρˆB
]
=Λcl[F (t); tf ], (A9)
which completes our proof. Incidentally, Eqs. (A5) and
(A6) will also hold if the commutators [ξˆ(t′), ξˆ(t′′)] are
still operators, but always commute with the bath oper-
ator ξˆ(t) at all times; for this scenario, the commutators
[ξˆ(t′), ξˆ(t′′)] can be viewed equivalently as numbers as far
as dynamics is concerned.
When the bath noise operator is given by Eq. (A3),
the bath dynamics will be completely linear, and any
nontrivial non-Gaussianity can only be introduced via a
non-Gaussian initial state. For example, Ref. [3] consid-
ered an initial bath state ρB(0) = ρT1/2 + ρT2/2 as a
classical mixture of two thermal states at different tem-
peratures T1 and T2. The non-Gaussian statistics here
can be viewed as a result of the classical uncertainty in
two different Gaussian distributions (i.e. uncertainty in
temperature).
We also note that for any quantum bath where
Eq. (A9) is not true, Keldysh ordering cannot be ignored
when defining noise cumulants. Further, there exist a
variety of physical quantum baths where operator order-
ing plays an important role, and the Keldysh ordering
leads to nontrivial corrections in non-Gaussian noise cu-
mulants:
• Harmonic oscillator bath, where the bath operator
is not linear in raising and lowering operators of
the bosonic modes, e.g., the photon shot noise con-
sidered in the main text. Here the nonlinearity in
the system-bath interaction induces nontrivial non-
Gaussian statistics with distinct quantum features.
• Interacting oscillator bath, i.e., bosonic bath with
nonlinear dynamics, where the bath operator is lin-
ear in raising and lowering operators of the bosonic
modes; this includes phonon bath with interactions.
Keldysh ordering matters here due to the inher-
ently nonlinear dynamics of the bath.
• Spin bath that exhibits non-Gaussian fluctuations.
In this case, both the bath dynamics and the bath
operator can induce non-Gaussian statistics, and it
7is in general nontrivial to apply the Keldysh order-
ing.
At the formal level, the Keldysh ordering is essential
in these cases because the commutator [ξˆ(t′), ξˆ(t′′)] be-
tween bath operators at different times is a nontrivial
operator (i.e., nonzero and does not commute with ξˆ(t)).
Due to the existence of these realistic examples of noise
models where operator ordering is nontrivial, depending
on the nature of quantum environments of interest, it
may be important to be aware of the distinction between
the most generic definition in Eq. (3), incorporating the
Keldysh ordering, and the special case of linearly cou-
pled oscillator baths, where Eq. (A4) applies and the
ambiguity in operator ordering can be ignored. In the
main text, we also provide a concrete example where the
Keldysh ordering results in unique quantum features in
the quantum bispectrum, revealing a surprising breaking
of detailed balance due to quantum fluctuations.
Appendix B: Keldysh-ordered quasiprobability
distribution as a description of intrinsic noise
In the main text, we have focused on using the quan-
tum bispectrum to understand the physics of the non-
trivial energy fluctuations in a driven damped harmonic
oscillator, and we state that a quasiprobability distri-
bution can be defined for the Keldysh-ordered moment
generating function (MGF) Λ. To elaborate on this and
illustrate the generality of the Keldysh approach, here
we briefly summarize another paradigmatic measurement
setup, where the Keldysh-ordered quasiprobability dis-
tribution explicitly determines the measurement result.
For more detailed discussions, the reader can refer to
Refs. [10, 12, 13].
Nazarov and Kindermann [10] considered an idealized
setup for measuring the statistics of a generic quantum
observable φˆ[F (t); tf ] =
∫ tf
0
dt′F (t′)ξˆ(t′) making use of
an infinitely heavy mass. Without loss of generality, we
assume that the detector mass is moving in 1-dimensional
space with the Hamiltonian Hˆbath = Vˆ (xˆ) + pˆ
2/2m. We
also take the limit where the detector mass is infinitely
heavy, i.e., m→∞, to avoid classical back action of the
detector, so that it only measures fluctuation properties
of the bath. The bath operator ξˆ(t) is coupled to the
detector mass via the position operator xˆ, described by
the Hamiltonian
Hˆint (t) = F (t)ξˆ(t)xˆ, (B1)
and the detector-bath coupling Hˆint(t) is on for time tf .
If we were measuring a classical variable ξ(t), the net
effect of the coupling would be to simply shift the detec-
tor momentum by an amount φ =
∫ tf
0
dt′F (t′)ξ(t′). For
a classical stochastic process ξ(t), the final momentum
probability distribution function of the detector is just
given by a convolution of the initial momentum distribu-
tion, and the probability distribution of momentum shifts
P (φ). In the quantum regime, the detector state can no
longer be represented by a classical probability distribu-
tion, but the aforementioned physical intuition still ap-
plies to a quasiprobability distribution, i.e., the Wigner
function W (x, p) of the detector state. However, for an
operator ξˆ(t), the classical probability distribution P (φ)
should be replaced by a Keldysh-ordered quasiprobability
distribution P (φ;x), which is dependent on the detector
position x. The Wigner function of the detector at final
time tf can thus be written as
W (x, p; tf ) =
∫
dφP (φ;x)W (x, p− φ; 0), (B2)
which reproduces Eq. (15) in Ref. [10]. The Keldysh-
ordered MGF discussed in Eq. (3) in the main text di-
rectly characterizes the quasiprobabilities P (φ;x). The
idealized measurement here can be viewed as an illustra-
tion of the fact that Keldysh-ordered noise cumulants are
intrinsic properties of the quantum bath, characterizing
fluctuation properties. In the following section, we will
also provide a rigorous justification, making use of the
path-integral formulation of the Keldysh technique.
Appendix C: Distinguishing fluctuations from
response properties
As discussed in the main text, a general n-point quan-
tum correlation function describes both the intrinsic fluc-
tuation properties of the system of interest (i.e., quan-
tities that play the role of classical noise), as well as
the response properties of the system to external applied
fields. The situation is very clear at second order, where
the product ξˆ(t)ξˆ(t′) can be decomposed as the sum of a
commutator and an anti-commutator. The commutator
determines the retarded Green function
GR(t) ≡ −iΘ(t)
〈
[ξˆ(t), ξˆ(0)]
〉
. (C1)
This describes how the average value 〈ξˆ(t)〉 changes to
first order in response to an external perturbing field V (t)
entering the Hamiltonian as
Hˆext(t) = V (t)ξˆ. (C2)
The relevant Kubo formula is:
δ〈ξˆ(t)〉 =
∫ ∞
−∞
dt′GR(t− t′)V (t′). (C3)
In contrast, the anti-commutator describes the sym-
metrized noise spectral density:
S[ω] ≡ 1
2
∫
dteiωt〈{ξˆ(t), ξˆ(0)}〉. (C4)
As has been discussed in many places (see, e.g., Ref. [38]),
this spectral density plays the role of a classical noise
spectral density.
8The Keldysh technique provides an unambiguous way
of extending this separation between noise and response
to higher orders. A full exposition of this method is
beyond the scope of this paper; we refer the reader to
Ref. [19]. We sketch the main ideas needed here. In the
path-integral formulation of the Keldysh technique, each
operator corresponds to two different fields, the classi-
cal field ξcl(t) and the quantum field ξq(t). Averages of
these fields (weighted by the appropriate Keldysh action
describing the system) then correspond to operator aver-
ages with a particular time ordering. One finds that:
• Averages only involving quantum fields are neces-
sarily zero.
• Averages involving at least one classical field ξcl(t)
and one or more quantum fields ξq(t) can always be
interpreted as response coefficients to an external
perturbation of the form Hˆext(t).
• Averages only involving classical fields ξcl(t) do not
correspond to any kind of response function. In-
stead, they describe the intrinsic fluctuation prop-
erties of the system
Formally, this dichotomy arises because the perturbation
Hˆext(t) enters the action of the system as a term that only
involves the quantum field, i.e., Sext =
∫
dtV (t)ξq(t).
Perturbation theory in V (t) thus necessarily introduces
powers of the quantum field. For example, at second
order we have:
• The average ξcl(t)ξq(0) is directly proportional to
the retarded Green function GR(t), and thus de-
scribes linear response to the external field.
• The average ξcl(t)ξcl(0) is proportional to
〈{ξˆ(t), ξˆ(0)}〉 and thus determines the usual
symmetrized noise spectral density.
The same decomposition applies at higher orders. Con-
sider third order correlators. The average of three clas-
sical fields ξcl(t1)ξcl(t2)ξcl(0) is precisely the Keldysh or-
dered correlator discussed in the main text; it cannot
be associated with a response coefficient. The remaining
non-zero correlators describe different kinds of response:
• The average ξcl(t)ξq(t′)ξq(t′′) represents a second-
order Kubo response coefficient. It determines to
second order how 〈ξˆ(t)〉 is modified by Hˆext(t′) at
earlier times (i.e., how it depends on V (t′) and
V (t′′)).
• The average ξcl(t)ξcl(t′)ξq(t′′) describes a first or-
der noise-susceptibility [39]. It determines how the
symmetrized correlator 〈{ξˆ(t), ξˆ(t′)}〉 is modified to
first order by Hˆext(t
′′).
The arguments sketched here provided perhaps the
deepest justification for considering Keldysh ordered cor-
relation functions: they provide a clear and unambiguous
way to distinguish fluctuation properties from response
properties. We stress that an arbitrary correlation func-
tion could always be written as a linear combination
of the Keldysh-ordered correlator (which describes pure
noise) and additional terms describing response proper-
ties.
Appendix D: Explicit expressions for the second and
third Keldysh-ordered cumulants
For concreteness, here we provide explicit expressions
for the first few Keldysh-ordered cumulants C(k)(~tk) ≡
〈〈ξˆ (t1) · · · ξˆ (tk)〉〉K defined by Eqs. (3) and (4) in the
main text. The second order cumulant function C(2)(~t2)
is just the auto-correlation function of ξˆ(t)
C(2)(~t2) = 〈〈ξˆ (t1) ξˆ (t2)〉〉K = 1
2
〈{δξˆ (t1) , δξˆ (t2)}〉,
(D1)
where δξˆ = ξˆ − 〈ξˆ〉. However, the third cumulant corre-
sponds to a more complex ordering
C(3)(~t3) = 〈〈ξˆ (t1) ξˆ (t2) ξˆ (t3)〉〉K
=
1
4
∑
~pi3∈P3
K(tpi1 , tpi2 , tpi3)〈δξˆ(tpi1)δξˆ(tpi2)δξˆ(tpi3)〉,
(D2)
K(~t3) = 1−Θ(t1 − t2)Θ(t3 − t2), (D3)
where P3 denotes the set of all possible permutations of
(123) indices, and Θ(t) is the Heaviside step function.
Such ordering is given by an average over all permuta-
tions of the three displaced operators δξˆ(tj), except for
the terms where the earliest time appears in the middle
position (as implied by the step functions), in agreement
with expansion of the operator in Eq. (3) in powers of
coupling F (t′). A similar expression of Keldysh-ordered
third cumulant has also been derived for current opera-
tors in Ref. [22].
Appendix E: Phase space method for computing
Keldysh-ordered cumulants of a driven damped
cavity
In this section, we outline the phase space method to
calculate Keldysh-ordered cumulants. However, we re-
mark that once we have defined the unique Keldysh or-
dering for each higher cumulant using Eqs. (3) and (4),
standard techniques for computing multi-point correla-
tion functions (e.g. Langevin equations of motion, and
quantum regression theorem) work equally well for the
Keldysh-ordered cumulants.
In the phase space method, we need to solve the time
evolution of qubit coherence operator ρˆ↑↓(t) ≡ 〈↑|ρˆ(t)|↓〉,
so that the qubit coherence can be computed as 〈σˆ−(t)〉 =
9Tr[ρˆ↑↓(t)]. We first restrict to the qubit off-diagonal block
of the master equation in Eq. (6) in the main text as
˙ˆρ↑↓ =− i[Hˆ0, ρˆ↑↓]− iλ
2
{F (t)nˆ, ρˆ↑↓}
+ γ(n¯th + 1)D[cˆ]ρˆ↑↓ + γn¯thD[cˆ†]ρˆ↑↓, (E1)
which is a direct extension, with a time modulation F (t)
in interaction Hˆint (t) = λF (t)nˆσˆz/2, of the technique
used in Ref. [24]. Here we use a constant coefficient λ
to keep track of orders in expansion on the coupling; by
the end of the calculation, one can always set λ = 1. We
stress that if we replace the time-independent coupling
λ with a time-dependent one, the relevant derivations
in Ref. [24] still hold rigorously, and we refer interested
readers to this paper for more detail.
Without loss of generality, the system initial state can
be chosen as a product state between the qubit and the
cavity, with the cavity in thermal equilibrium. Thus,
Wigner function W (x, p; t) of the coherence operator
ρˆ↑↓(t) is Gaussian throughout time evolution. Moreover,
for the Fourier transform of W (x, p; t), we can assume
the following ansatz [24]
W [k, q; t]
=e−ν(t) exp
(
−i[kx¯(t) + qp¯(t)]− 1
2
(k2 + q2)σs(t)
)
,
(E2)
from which the moment generating function can be com-
puted as Λ[F (t); tf ] = e
−ν(tf ). Substituting this ansatz
into the master equation in Eq. (E1), we then need to
solve a set of ordinary differential equations for the coef-
ficient functions
ν˙th = iλF (t)
(
σs − 1
2
)
, (E3a)
σ˙s = γ
(
n¯th +
1
2
)
− γσs − iF (t)λσ2s +
iλF (t)
4
, (E3b)
ν˙dr =
iλ
2
F (t)(x¯2 + p¯2), (E3c)
˙¯x = −δp¯+
√
2 Imf − iF (t)λσsx¯− γ
2
x¯, (E3d)
˙¯p = δx¯+
√
2 Ref − iF (t)λσsp¯− γ
2
p¯, (E3e)
where the exponent ν(t) = νth(t) + νdr(t) can be written
as a sum of drive-independent and drive-dependent parts.
The Keldysh-ordered cumulants C(`)(~t`) can now be
extracted using the equation (see Eq. (4) in the main
text)
ν(tf ) = −
∞∑
`=1
λ`
(−i)`
`!
∏`
j=1
[∫ tf
0
dtjF (tj)
]
C(`)(~t`), (E4)
i.e., the cumulants can be obtained by solving Eqs. (E3)
perturbatively in orders of λ, and comparing the re-
sults to the integrals above. Since the cumulant func-
tions C(`)(~t`) must be symmetric over permutations of
its variables {~t`}, such procedure will lead to a unique
result. For example, for the photon shot noise in a driven
damped cavity discussed in the main text, first few drive-
independent contributions to cumulants are given by
C
(1)
th (t1) =n¯th, (E5a)
C
(2)
th (~t2) =n¯th(n¯th + 1)e
−γ|t1−t2|, (E5b)
C
(3)
th (~t3) =n¯th(n¯th + 1)(2n¯th + 1)
× exp
(
−γ
2
|t1 − t2| − γ
2
|t2 − t3| − γ
2
|t1 − t3|
)
.
(E5c)
Taking Fourier transform of Eq. (E5c) for the third cu-
mulant, we obtain the drive-independent QBS, as given
by Eq. (8) in the main text.
Appendix F: Quantum bispectrum (QBS) probed by
qubit dephasing
In the main text and above, we introduced the an-
cilla qubit mostly as a theoretical tool to character-
ize the quantum bath fluctuations. However, as men-
tioned in the main text, the qubit-bath system is also
a well-studied experimental probe to measure the QBS
of a given quantum bath. The QBS of the bath can
be extracted, by measuring the qubit coherence func-
tion 〈σˆ−(tf )〉 evolving under given filter functions F (t).
Ref. [3] discusses a systematic approach to reconstruct
the bispectrum using this technique of qubit noise spec-
troscopy.
In this section, we apply this idea to the specific noise
model discussed in the main text. We consider qubit de-
phasing due to photon shot noise of a driven damped cav-
ity mode, as described by the master equation in Eq. (6).
As an illustration, we focus on the idealized filter function
F (t) = λ(sin 2ωt+ cosωt), t ∈ [0, tf ], (F1)
where λ characterizes the coupling strength. This filter
function is chosen such that for any coupling strength,
the qubit coherence has no dependence on the real part
of the QBS, i.e.,
Im ln〈σˆ−(tf )〉 = Imχ[F (t); tf ]
=
λ3tf
16
ImS[ω, ω] + o(λ5). (F2)
As discussed in the main text, the imaginary part of the
QBS, which can be computed from Eq. (10), is a unique
quantum feature and only depends on driven fluctua-
tions. This phase shift is solely due to the non-Gaussian
noise cumulants, and will be absent if we treat the noise
operator as Gaussian. We compare above prediction
based on the QBS to the induced frequency shift in the
exact qubit coherence function in the long-time limit
lim
tf→∞
Im ln〈σˆ−(tf )〉
tf
, (F3)
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FIG. 4: Photon shot noise induced qubit frequency renor-
malization, as defined from the long time limit of the qubit
coherence function, − limtf→∞ Im ln〈σˆ−(tf )〉/tf . We use here
a filter function F (t) = λ(sin 2ωt + cosωt), and plot the fre-
quency shift as function of coupling strength λ. The two
curves correspond to two different choices of filter function
center frequencies ω (as indicated in the legend). Solid lines
depict contributions from QBS and have exact slopes of 3, as
these terms are proportional to λ3, whereas the data points
are exact results by solving Eqs. (E3) numerically (and thus
include contributions from all higher-order odd noise cumu-
lants). The QBS prediction describes the induced phase shift
accurately over a range of weak to moderate couplings. Data
points with an opposite frequency shift are not shown (the
QBS approximation completely breaks down for these points).
Parameters: δ = 10γ, n¯th = 0, n¯dr = 1.
which is calculated numerically by solving Eqs. (E3). The
results are plotted in Fig. 4 for the case of zero tem-
perature n¯th = 0, where the qubit dephasing is solely
due to driven fluctuations. As shown in the plot, the
QBS prediction agrees excellently with the exact result
for small coupling λ as expected, but will deviate from
the exact result as coupling λ increases. The QBS predic-
tion works even at moderate couplings λ/γ ∼ 1, because
the higher cumulants here are suppressed by the large
detuning δ/γ  1. The QBS thus has a concrete op-
erational interpretation: it quantifies the leading order
non-Gaussian correction in the qubit dephasing due to a
given quantum noise process ξˆ(t).
Appendix G: Proof of non-negative energy shot
noise bispectrum in a classical driven damped
oscillator
In the classical limit n¯th → ∞, the cavity mode an-
nihilation operator cˆ in the main text can be described
by a classical stochastic variable c(t), describing the am-
plitude of a driven damped classical harmonic oscillator.
The equation of motion is now given by
dc = −(γ/2− iδ)cdt+ ifdt+√γn¯effdW, (G1)
where n¯eff = n¯th + 1/2 ' n¯th (the 1/2 correction
is added so that second-order correlators between c(t),
c∗(t′) match their symmetrized quantum counterparts),
and dW is a complex-valued Wiener increment. The solu-
tion to this stochastic differential equation can be written
as c(t) = c0 + ζ(t), where c0 = c(t) is a complex constant
number, and ζ(t) is a complex zero-mean stochastic vari-
able. In the long-time limit, ζ(t) is Gaussian and station-
ary, satisfying the equation
ζ∗(t)ζ(t′) = n¯eff exp
[
−iδ(t− t′)− γ
2
|t− t′|
]
, (G2)
whereas all other second correlators vanish ζ(t)ζ(t′) =
[ζ∗(t)ζ∗(t′)]∗ ≡ 0. The photon number operator nˆ then
corresponds to the energy of the classical oscillator n(t) =
|c(t)|2, so that its Fourier transform can be expressed
using Fourier components of ζ(t) as
n[ω] =
∫
dteiωtn(t)
=|c0|2 +
∫
dω′ζ∗[ω − ω′]ζ[ω′] + c∗0ζ[ω] + c0ζ∗[ω]. (G3)
Since the Fourier transform ζ[ω] of a Gaussian vari-
able must also be Gaussian, polyspectra of n(t) can be
calculated using the expression above by applying Wick’s
theorem. Noting that all the anomalous correlators van-
ish, the only contractions that contribute would be given
by terms of the following form
ζ∗[ω]ζ[ω′] =
γn¯eff
(ω − δ)2 + (γ2 )2 δ(ω + ω′), (G4)
which is always non-negative. It is then straightfor-
ward to show that both drive-independent and drive-
dependent contributions to polyspectra must also be non-
negative for all frequencies. In particular, the frequency
dependence S˜cl[ω1, ω2] of the drive-dependent bispectrum
in the classical limit (see main text for definition) is real
and positive semidefinite, which can be explicitly written
as
S˜cl[ω1, ω2]
=
1
γ2
∑
α6=β
α,β=1,2,3
1[
1 + 4
(
ωα+δ
γ
)2] [
1 + 4
(
ωβ−δ
γ
)2] . (G5)
Appendix H: Temporal skewness for squeezed bath
photon fluctuations
In the main text, we show a violation of higher-
order Onsager symmetry relations solely due to quan-
tum corrections in the temporal third cumulant (skew-
ness), which can be probed by an imaginary part in the
QBS. Here we provide an example where the temporal
skewness exhibits time asymmetry in both the classical
and the quantum limits, and the skewness function also
reveals insights into non-equilibrium dynamics in well-
defined classical systems. We again consider photon shot
noise in a dissipative bosonic mode, but now driven by
squeezed noise. The master equation is
˙ˆρ = −i[Hˆ0+Hˆint, ρˆ]+γ(n¯cl+1)D[sˆr]ρˆ+γn¯clD[sˆ†r]ρˆ, (H1)
where sˆr = cˆ cosh r+ cˆ
† sinh r denotes the squeezed bath
operator. In the rotating frame, the oscillator Hamilto-
nian is Hˆ0 = −δcˆ†cˆ, and its interaction with the qubit is
Hˆint(t) =
1
2F (t)nˆ(t)σˆz. Such noise model has a well-
defined classical limit if we let n¯cl → ∞, where the
bosonic mode can be equivalently described by a clas-
sical stochastic variable c(t). We note that the steady
state of the corresponding classical model is not thermal
equilibrium, enabling a violation of Onsager-like relations
even in the classical limit.
For concreteness, we again consider the temporal third
cumulant C(3)(t, t), which can be written as a sum of
classical and quantum contributions as
C(3)(t, t) = (2n¯cl + 1)
3f(t)
[
C˜
(3)
cl (t)−
1
(2n¯cl + 1)2
]
,
(H2)
where f(t) = e−γ|t| cosh(2r)/4 is an even function of time
t and independent of n¯cl. The coefficient function C˜
(3)
cl (t)
for the classical contribution is given by
C˜
(3)
cl (t) = cosh
2(2r) +
γ2 sinh2(2r)
γ2 + 4δ2
[1 + 2 cos(δt+ δ|t|)].
(H3)
The situation is now reversed: the quantum correction
is symmetric under time reversal t → −t, whereas the
classical contribution is asymmetric for a generic nonzero
detuning δ 6= 0.
The time asymmetry in C(3)(t, t) has its roots in clas-
sical non-equilibrium dynamics: in the classical limit
n¯cl  1, we can introduce two real quadratures x and p
defined by c = (x+ ip)/
√
2 to describe the corresponding
classical oscillator. Their dynamics satisfies the stochas-
tic differential equations
dx = (−δp− γ
2
x)dt+ er
√
γn¯effdW1, (H4a)
dp = (δx− γ
2
p)dt+ e−r
√
γn¯effdW2, (H4b)
where n¯eff = n¯cl + 1/2 ' n¯cl, and dW1 and dW2 are in-
dependent Wiener increments. These equations formally
also describe time evolution of a resonantly coupled pair
of real harmonic modes, where the interaction strength
is given by |δ|, and each oscillator is also coupled to a
thermal reservoir with thermal excitations e±2rn¯eff . This
coupled two-mode system for r 6= 0 is a typical example
of non-equilibrium system that violates detailed balance,
manifested as time asymmetry in cross correlation func-
tions A(0)B(t) [34–36]. Noting that n(t) corresponds
to the total energy in the classical limit, the skewness
C(3)(t, t) can then be viewed as a correlation function
between energy fluctuations δn(0) and its higher order
fluctuations [δn(t)]2 at a different time. Thus, the time
asymmetry in C(3)(t, t) is again a signature of detailed
balance violation, which in turn is due to the imbalanced
thermal baths set by the nonzero r.
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